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. Ihеse lесtuге notеs pгovidе an i r r tгoduсt ion to ihe t l rсoгу of  so.сa l lеd саnoniсa l  rерrеsеntаt ions.

a spесial tуpе оf (геduсiЬlе) unitarу.rеpгеsentations' Thе simplеst rvay to dеflrrе thеm and to seе thеil.
iпrрoгtanсe is donе in thе сontехt of thе gгоup SL(2, R.), thе grorrp of 2 х 2 matгiсеs of detегminant onе, seе

[ l6] .  \vс i iavc сhosеn a с lа.ss oГgroLrps,  narnеlу G = SU( l ,  n) ,  n> i .  Not iсе that SI ,(2.R) is  isomor.phiс:
Io SU(1,  1) .  Cаnorr iсa l  геpt 'сsс l l t . ; r t i r l t ts  с l r t l  t l . '  s . , t l l l '  gспсra l l1 '  spс i rk i r rg.  аs t}r . l  сo l r lp lсt iorr  of  L2G l I i )
lv i th гсspeсt  to a nсrv G- invaг i i r r l t  int i t tеr  pгodшсt,  in thе samt: sр iг i t  as t1rе . ,сomplеniеntary sеr iеs, .  i s

obtained i.rom thе ..pгinсipal sеriеs' ' fог G. Hеге 1{ = 51;1";. But this is only one (Ьut impoгtant) point of
viеtt,, sее sссtion 5. Canoniсal rеpгеsеntations oссuг also lvhеn studying tеnsoг pгoduсts of holomoгphiс

and antihoiomorphiс disсrеtе sеriеs гepгesеntations. This is eхplainеd in seсtion 4. Thе сonneсtion
rvith quarrtization in thе sеnsе of Bегezin is not trеatеd in thеsе notеs bесausе wе lvil l еmphasizе thе

геpгesentation thеory. on thе othеr hand, Berеzin has made a laгgе сontribution to thе undеrstanding
oГ сanoniсa l  гeргesentat ions.

Tliе main pгoЬlеm is to dесomposе thс сanoniсa] rеpгеsеntations into iггеdrrсiЬlе сonstituсnts. This

is  not аn еasy task.  I t  has Ьееn donе Ьy Bегсz in [1] and, latеr ,  Ьу Uprnеiеr  and UntегЬсгgс:г [15] .

Тhеге arе horvеvсr, in Ьoth treatmеnts, сonditions on the set of paгamеtегs of thе rеpresеntations: only

laгgе paгamеtегs arе a]]оrvеd. Гor small palamеtегs (sее [3]) an interеsting new phеnomеtton oссurs:

f i r r i tс: l1.п l i rnv сoInPlеmentaг} 'scг i l .s  гРPг.scrr tat ions tаkе pаrt  i r r  thr:  dt:сorrrрos i t iorr .  \\ iс:  shаlI  tгr :аt ,  tht l

с;rst l  С, '  = St  (1,  r r)  i I r  dсta i1 in t l i сsс notеs arrс l  t rу to , i l lustгatе a l i  аs1 lсt: ts  of  t1rr l  thсог; '  оГ с;rnоrt iс i r l

геpresеntations wе havе mеntionеd.

1.  SP}IЕR,ICAL FOURIЕR ANALYSIS oN CoМPLЕx нYPЕRвOLIC SPACЕS

Thе main геfегеnсе for this seсtion is [9] .

1.1.  Coпrрlех hуpеrbol i t :  spaсеs аn<1 their  Ьoundеd rеа l izаt ion.s

l,r:t n ) i ' (.]olrsidег on C,,*1 thе }Iегrrritial l foгrtl

| * , у ]  =  a o  r o  _  l J t r t  -  .  .  .  _ l n  T , . ( i  1 )

I , t ' ' |  (} = 51- ( l . l r )  Ьс thе gгoup of  (n + 1) x (n * 1) сomplе-х matг iсеs l r .h iс}t  pгсsсt ' l . t l  1h is  fогm and hаr.с

dсt ' t ; r t t i i l tat t t  еr '1rra l  to 1.  Thе grorrp G aсts on thе pгojесt ive spaсe 1, ' (C) аrr . l  t l r t l  s taЬi l i zcг оf  thе l i r iс

gеnегa tеd  Ьу  thе  vес to г  (1 ,0 ,  . . ' 0 )  i s  t he  сompaс t  suЬgгoup  1 i  =  S (U( l )  х  U (n ) )  \ \ i . сa l l  7 ,  =  G l I i  a

сotnplех hурегЬоliс sрасе. lU is, in aсldition, a Riеmanniatr s1'пtrтiеtгiс sрaсе of thtl пon-сompaсt t1.pе. of

rank onс.  a l td сarr iеs a сomрlех stгuсtuгс,  as rvе rv i l l  sее.
Lеt  т dсnote thе natura l  pгоjесt ion п iaрl

C"+ ' \ {0}  _  &(с ) '

sendirrg еaсh veсtor to thе line gеnегated Ьy it.
Thе hypегЬol iс  spaсе ,Y is  thе imagе undеr т of  thе opеn set

( i  2 )

{ r € C , . + 1  : [ z , z ]  > 0 } .

on C,, ц.е hal.с thс usrrsal innег pгoduсt

( 1

\ , , у )  =  У r r r  *

B (С " ) _ { r € C "

( l  { t

( l  5 )
, , , l *  l ,  -  ^ - - .  l l  -  l lr v t L r r  r l u r l r r  l l r i l

з50

*  У , , I , '

l l ' l l  < 1) '
= ( : r : .  t )1/? .  L r : t .
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thс uni t  Ьa l l  in C"] The spaсе,Y сan Ье геal izеd as thе uni t  Ьa l l  in C ' :  the map fгom (1.3) to C ' ,  g ivеn

x + у  r v i t h  У p = I p x i \
dеfines, Ьy passing to thе quotiеnt spaсе, a rеal analуtiс Ьijeсtion of .Y onto B(9")
transitivеlу Ьy fгaсtional l inеaг tгansfoгmations. If s с G is of the to,^ g с (o
с ( 1  x  1 ) , 6 ( 1  x  n ) ,  с ( n  x  l )  a n d  d ( n  x  n ) ,  t h е n

g  . у  =  @у + , )  ( (D '  y )  +  с ) - '

where y and с aге гegaгded as сolumn vесtoгs and

( 1  7 )

(1  8){ b ' у )  =  b f l t  l  ' . . *  b n ' л n .

Clеaгly Ii = 51u6 1o;
Аn easу' сomputatiorr shows that

( 1  6 )

, 
G aсts on B(C" )

1  ) ,  * i th  mat r i сеsа /

and

1 _  (s  у ,  g  .  z )  = (Б ,  z} l6 ; - ,  .  [ '_  fu , , ) ]  ( (6 ,  y )  + o)_1,

1  -  l l s  .  у | | ,  = [ t  _  l l y l l , ]  . | (b ,у)  + o| - ,

(b,у) + o = (a,  s 'у) +a)-1 i f  n- '  = (1 x)
\ c  d /

(1  e)

( 1 . 10 )

( 1 . 1 1 )

on t}rе othеr hand, the aЬsolutе valuе o[ thе JaсoЬiaтi of thе геal analytiс tгansfoгmation y * g у (у С
B(с"))  is  еas i ly  sееn to Ьe equal  to

l ( ь '  y )  +  с ] _ z1na ' ,
IГ  dу  i s  t} rс  Еuс l idсa l r  I I lеasu[е  o l l  С , . ,  t I rс l l  с l t :aг l1 .

dр@) = (t  -  l ly l l , ) - (" ' , t )da

( r  12 )

(1 .13 )
i s  a G- invaг iant mеasurе on B(C").

1.2.  F. i r rе struсture o1 51i(1,  n)

I , е t  - I  Ьс  thе  (n  *  1 )  x  (u  +  t )  r l r a t г i х  d i ag  {1 ,  -1 '
( "+  1 )  Х  ( l z  +  1 )  wе  sе t  X -  =  JT t  J .

,  -1}.  Гoг arry сonrрlех matr iх Х oГ tr'рc

Thс I, iе a. lgсЬra g oГ СJ сotlsists of t}rе пratr iссs Х t lrat vеrifу t}rе rеl:rt iorr

x+х -=0 ,  t r a сеХ=0 . ( 1  1 4 )

f.hеsе aге t}rе пra-triсеs oГ tIrе Гогrn
/  z,  z"\
\7 i  z ,  )  ( r  r5)

lvlth Z1 anсl Z3 anti.Hсгrnitiatr and 22 аrЬitгarу., tгaсе (Z, i z,) = 0. Lеt 0 Ье t}rе involutivе autorrror-
plrisпr of g dеfinеd Ь1'

0 х  -  J X J .  ( 1 , 1 6 )
f .hеn d is  a Caгtan involut ion with t l rе usual  dесoпrpos i t iong= 8+p. Heге P is  thе L iе a lgeЬгaof 1{.

Let i Ье the follorving еlеment of g:

( 1  l i )

p. Wе aге going to diagonalizе thе opсratoг

(  1 . 1 8 )

351

'=(3 Ь Ё)
\ i  o  o )

aхimаl AЬеliarr suЬspaсс ofWе liаvе Z €  р and q = R'l is a m
ad i. The сеntгalizеr of l, in l is

lu ()
m = { [ о  u

\ о  0 ; ) :
u *  u  =  0 ,  u  €  u ( n  -  1 ) , 2 u * t г a с e ,  =  0 , }
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Let a = ].. The nonzегo eigеnvalrtеs of adI aгe *сr, *2o

/o  z*
X = | z  О

\ о  z *

whегe z is  a matг ix of  typе (n _ | ,1) and z* = _7t.

. Тhe spaсe go

* )

сonsists of thе mal,гiсes

The dimension of go is еqual to mo = 2(n _ |). Thе spaсe g20 сonsists of thе matгiсes of thе foгm

(  1 .  l e )

( 1  20 )

(  1 . 21  )

(1.22)

T 1  = g o * g 2 o i s a

( 1  23 )

( 1  24 )

(  1 . 25 )

(1  26)

wгittеn as

"= (: i -1)
ш. i th  u , '  *ш = 0 .  Thе  d iп rеns i onoГ92 .  i s  еqua l  t o  T f I2a= 1 .  \ \ . еhavе  B= у -2a*g - "  +o+m+Bo*Bzo

Lеt ,4 Ье thе suЬgгoup ехp о. This is the subgroup of thе matriссs

f cosht 0 sinh t \
ut=l  o  1  o  I

\ s i n h l  0  с o s h l /

wherе l is a геal numЬег. Thе сentгalizer of А in Ii is thе suЬgгoup fuI of tЬ'е matгiсеs

/ u  0  0 \
lо,0l
\о o " l

lv i t}r  |u| = 1 and о €  U(n _ 1),  uzdеt u = 1.  The L iс  a lgеbra of  ,V1 is  m. T. l rе suЬspaсе

nilpotеnt suЬalgеЬгa. Sеt N = ехp n. This is thе suЬgгoup of thе matгiсеs

I  t  + .  _  Ь | , , , 1  z .  _u  +  } [ z ,  z ]  \
n ( ; . ш ) =  

[  
z  I  - z  I

1 . . ._  } [ , , , J  z -  l -ш* Ь| . , ] l

l v i t h  ш  * t r r  =  0  аnd  w i t h  z  a  ma t г i x o f  t y p e  ( ,  -  | , \ ) ,  z "  =_7 ' ,  a nd  i Г

/ : ]  \  |  . Ь \

,=1, I ''=1, I
\ , "  /  \ , , :  )

t h с n  [ z '  z | f  = _ 7 l 2 z 2 _ . . . ! , , ' = , , .

Тlrе сomposition laiv in .N is thе follorving:

n ( ш ' z ) . l i ( u , , , ,  ' , )  =  n ( ш  + ш ,  + | m | z , z , f , z  *  z , )

.lhе suЬgroup А noгmalizсs -N.:
а 1  n ( z , . ) u .  ,  =  n ( e 2 t ш , e 1  z ) .

I,еt 2p Ье thе tгurсе of tlrе rt:stгiсtiolr of ad I' Lo tt

,  =  
f , { , , "  }2пцo)  -  l t '

\\t: h;rvс tl iе l lr ' irsarva deсorrr1lоsition G = 1{,4l{ = NАI{. Еaсh g €  (j сan urriquely Ье

g = kо11n1n ассord inglу. .  onc l rаs t l lе  сoггеsponding intеgгa l  foгmula:

з52

| 
" 

r rnl on = 
| * o* 

f (Ьa1n) e2p' dkdtdn (1 , .27)
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foг / €  D(G).Thi3 is also equal to

f f @a1k) e-2pt d.ndtd.k.
J N А К

Heге dn = dzdш (n = n{z,ш)) and d,t is the noгmalized Haaг measuгe on 1{. oЬsегve
paгametrizеs Х = GlIi ' Мorеoveг, wе havе thе Caгtan deсompositionG _ KA11{ whегe

А у = { ц : l ) 0 } ,

and, after dg is noгmalizеd

Hеrе

aссoгding to (1.27),  thе сorrеsponding integгa l  foгmula

f r l - f
I  t tg)ds= I  |  |  f (ka lk ' , )6(t)dkdtdk '

J G  J к J o  J ^

( 1 . 28 )

that 1{,4

(  1 .2e)

( 1  30 )

( 1  3 1 )

(1  32)

It is

( i  3 4 )

(  1  .3б)

( i  3 6 )

( 1 . 3 i )

(1  38)

* oо and is

(  1 .3e)

35з

1.3. Sphеriсal funсtions,

Е o г s € C l e t

т f l  
"  , ,  

s inh  2 l  ,^, .о1 t ;  = zцn ; ( s i n h l ) ' " " \  
z  ) ' ' , , " '

inversion аnd Plаnсherel forтnula

p , ( g )=  [  . r , - Й t ( s - , ь ) d k  ( o с с 1
I

J A

с(.s) - Г(n) 2o_з je. (1.33)Г(?),
F'oг / с D(GllIi), thе spaсe of Ьi/{_invaгiant, сompaсtly suppoтtеd C*-funсtions on G, wе dеfine its
sphеriсal Еouгiеr transform as

Ье tlrе zonal sphеriсal funсtion lvith paгamеtеr s, in integra} foгm, aссoгding to Haгish-Chandгa
knolvn that 9,(9) = Р-,k)  = Р,(9- 

1) .  Еuтthегmore let  с(s)  dеnote Haг ish.Chandгa 's  с . funсt ion:

f  (s)  p- 'k)  ds (s  с  C) .

is еvеn in thе argumeпt s. onе has

^ I

fG)= I
l г

f is a funсtiс-rrr oГ Palеy-Wiеnег сlass' and f
Invегsion forпrula:

and
Plаnсherel foгmula

dp

| " ( ф ) Р ,

rvhеге с6 = 22тт-2Г(n)f  т"+1 .
Thе funсtion 9(l, s) := 9,{a) is thе uniquе solution of the ordinaгy diffeгеntial еquation

d2u сosh1 ^ cosh2t.dц

;р 
* L 'n" . ,nh 1 

+ 2m2" 
s ' |nь2tJ7 

= 1s" -  р" )у,

t}rat  sat is f iеs 9(0,  s)  = 1.  So

f (s) = ,, !, f(;р)p,,k) i# (s С G)'

s( t ,  s ;  = , r r (#,=#tp; -s inh2 t ) .

Thеге is  anothеr so lut ion for  l  > 0 '  Ф(, ,  s) ,  lvh iсh has thе asymptot iс  Ьеl rav iouг 
"("-я)t  

n.  1
givеn eхpliсitlу" Ьу

.  I ф
t .  I

I trtslf dg = с6 l |f tit')|,
J G  J о

Ф( l ,  s )  =  2 , -  p ( s i nh  t ; , - я , ' , (# ,=f ,1  _  s ;  _s inh - z  t )
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f o г  s  f  | , 2 , 3 , . . . .  I f  s  i s  no t  an  i n t egе г ,  t h еn

p( t , ' )  = с(s )  Ф( l ,  s )  + с(_s)Ф( l ,  - s )  ( t  > 0) .  (1 .40)

NIoгeover, as f apрroaсhes 0, Ф(l,s) and ff1z,') havе thе foliowing asymptotiс Ьеhaviouг;

Ф(t, s) - { C^\') ' ,}, -," i .f.n t ' t
IC ( s ) l og t  i f  n= l '

dФ(s , l )  [  1 z  - z "1C(s ) t \ -2 "  i f  n  {  |
a t  

- | с1 ' ; t 7 t  
i Гn=1 '

for a сегtain funсtion C of s. Notiсе that, Ф u"d sp aге intеgгaЬlе lvith rеspeсt
on (0,  oо) whеnсr,ег Res < -p.

It еasily follorvs fгoпr (1.36) tirat for l ) 0:

f (o,) =,o [- f1lр1a1t,_il i 
j!_

J - * " ' '  
'  '  '  c ( i t t ) '

Sinсe f is of Palеy.Wiеnеr сlass and с(s)-1 of polynomial gгowth (sее (1.33)) foг
addition, Ьy Cauсhy's thеorеm:

/ г - ^  
|  

d р
f ( o , )  = ,u  

J  - - f ( o  
+  i р )Ф{ t , - a  _  i , , , 1 o  

+  i , 1

Гоr o ) -1, l  ) 0 аnсl f  сD(cl l  I i) .

2. CANONICAL RBPRЕSЕNTATIOI{S

2.1. Dеfinition of сanoniсal repгesentations

[ 1  _  ( , , y ) ] -^  =  
Ё  

( ; )  Q , у )^ (_1 ) -

( 1  4 1 )

\1 .42)

to thе mеasuге 6(l)dl

(1 .43)

Res  )  _1 ,  onе has  in

( 1 . 44 )

F o г , \ € R a п d g € G w е s e t
фх(ф=(t_ l ly | l , )^ ( 2  1 )

ollsегvс t}ra.tr . , , l rеrс 17 с ГJ(С" ) '  y  =.g o.  C lеaг l1,фд is  a Ь i -1 i - invaг iantсont in t to r i s  fuтr . t iо l r  o t r  G

фхfu,)  -  (сosh t)-z^ (t  с  IR ') .  An еasy сoпtputat ion shows that

цu ( 2  2 )

i f  z , у  С  в ( с " ) ,  z  =  g r  . o '  у  =  9 2  . o .

Lеt  us dеnоtе th is  еxpгеss ion Ьy Bх(у, ,) .  Bд is  сa l lеd a Bеrеz in kеrnеl  o{ Х.  S inсе pгoduсts

and (unifоrm) iimits of positivе.definitе keгnels aгe again positivе-dеfinitе, we еasilу' gеt, Ьy ехpanding

I l  -  ( . .  y ) ]_^ i n l o  a  powег  se г i e s :

Ц
7

llv
(у,

!
[1

(s)
a

r{
t

)
)l l^I l ' )

у)J
l l z
( z

(2  3 )

rvith (-j) : 1;i)Еi:*l=l=.1-D, that 81 is a positivе-dеfinitе kеrnel foг ,\ > 0. oг, othеrwisе said'

{,д is a positivе-dеfirritе furtсtiorr Гor ) ) 0.
Lеt  т1 dеnote thе uni taгy геpгеsеntat ion oI G natuгa l ly  assoс iated with фr oг .Br .
\\.e сall the тд (A > 0) cаnoniсal repтеsen|аlions aftсr \rегshik' Gеl'fand and Graеv [16] and wе shal]

stuilу in this sесtion t}rеir sресtral dесomposition in dеt,ail.

2 .2 '  SJ lесtra l  deсomposi t iorr

Thе Гunсtion фд is the геproduсing distгibution of тд in thе sеnsе of L. Sс}rwartz' sее [2] . Wе slrall

dеtегminе the integгal deсomposition of фд into (elеmеntaгy) positivе-definite spheгiсal funсtions. It is

3 5.1

'*фs&щы*'ш-;;i*iФ.&;*ы" l
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wеll-known (sеe [11l) that the funсtions Р,, dеfinеd in (1.32), are positivе-dеfinitе if and only if s is purеly

i n r а g i n a г y o r - p 1 s 1 p '
By (1,13),  thе гunс i ion фд is  aсtual iy  a funсt ion in,L l (G) for  )  > p '  oг evеn for  Rе) > p '  s inсe фд

is weli-deflned foг сomplех ) too. So in this сasе (Re) > p),it suffiсes to dеtermine thе spheгiсal Fouгiег

tгansfoгm oд(p) of фд:

Moгеovег

The сomputation of o1(p) is surpгisingly simplе. Applying the,Caгtan deсomposition G = /{А+1{, (1.30)

and (1.36),  wе gеt Ьy making the сhange of  var iaЬlе r  = s inh,  t ,

o , l (  
'  т n  r *  . , _ i р * p  i Д + p . ^ .  - i 1 l *  t ) - ^ x " - | d r

t ' )=  Цo  Jo  
z r t \_ -Т_ ,  2  ' у ' _&) |

Ihis eхpгеssion is Ьy |71,20.2 (9) equal to

- | ' ,\ _-" Г() + '##) Г() + f#)
ц ^ \ P )  -  

Г ( ) ) ,

Wе may, in paгtiсular, rесonсludе that фд is a positive-deflnitе funсtion for ) > p.

o^(tD = 
| 1^вl 

9-r1,(g) dg.

(ф.l, /) = !",l^tФ f k)dg - "o !o* o^fu)f(;p) dfu

rф
6 r ( s ) :=  /

J O

(2 .4)

(2 5)

(2  6)

(2  7)

(2 8)

f o r  a l l  /  сD(G l l I i ) .  Hе rе  сg  i s  a s  i n  (1 .35 ) .

Wе will nolv dеsсriЬе the dесomposition (2.7) in anothег way, in oгdеr to gain insight how to pтoсееd

in thе сasе 0 < ) < p, whегe фд is sti l l positivе-dеfinite.

Wе apply (1.44).  Thе funсt ion Ф sat is f iеs:

|Ф( l ,  - o .  _  ;д ) l l v -^( t ) |5 ( t )  <  Сoe - (o*2Rе , \ -p ) l

foт some positivе сonstant Co and t laгgе. Thus foт с and ) suсh that o *2P;e\> p.

/ ф ^  d р
(рl. /) -- ,o J _-?@ + it4 bд(o * lЙ ffi

lvherе

Еor RеA > p lvе havе:

г l

aд(tr r)  = 
Jo 

о^{".)[с(;д)Ф(z,  i1 l )  + c(- i f lФ(t '  _ ip)]6(t)dt

= с( i i r )bд(-  iуL) + с(- i1t)b, l ( 'p) .

Wе rv i l l  norr . takе a с loseг look at  the funсt ion bд.  S inсe Ф(t ,_s) is  analyt iс  in s  foг Re(s) > -1,  i t  i s

i m п r е d i a t е l y s е е n t h a t t д ( s )  i s a n a l у t i с i n s o t r И д = { s I R e ( s )  > m a х ( p _ 2 R е ) , - 1 ) } . W е w i l l с o n s i с l e г

thе proЬlеm of analyt iс  сont inuat ion of  bд(s) .

Е iх )  > 0 and let  C(s)  = 2,_pт ' lГ(n).  Us ing (1.39) and making thе suЬst i tut ions r  = s inh_2t and

x  =  u l ( l  _  y ) .  wе  gе t

b1(s)  = С( , ) /  , г ' t f f ' ! ,1+ s;_u)  rЗ!+х_t( l  + r )_^dr

= C(s)  
!o , , r , , -#,Ч ' '  

+, ;{o)У?+A_1(1 _ Й#dу.

Ф( l ,  _s)  ф^U) 5U)  d t

z F t ( o , b ; c ;  z ) =  ( 1  -  z ) - o  z F t ( a , c  -  b ; c ; ; \ l

(2 e)

(2 10)

( 2 . 1 1 )

(2.r2)

(2 r3)
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(сf.  [8] '  2.\.a (p. 64)) yields

6д(s)= C@ [^ ,r ,{f f ,L-f , l*s;y) у="+^-|dу'
J o

By suЬstituting the seгiеs expansion

zFt(o,b;c;z)= 
Ё%#,,  

(| , I  < 1)

and taking сaге of thе possiЬlе singulaгity \n у _ 1 (in сasе n = 1) wе oЬtain

Dд(s) = С(,) i (= l.']i -,l-
3 G*r) r / !  f f+t+r

Th i s s е г i е s  i s  aЬ so l u t е l y  с onve гgеn t  f o r  s  f  _ I , _2 , . . .  and  s  l  s 1 ( ) )  =  p - 2^_2 /  ( /  =  0 ,  1 , 2 , . . . ) ,  s i n с е
the terms arе majoгated Ьy /-t-о foг somе 6 Ьеtwееn 0 and n, foг / laгgе. This сan easily Ьe seеn Ьy
using Еulег's limit formula foг the gamma funсtion:

( t  1 4 \

(2 .  15)

(2  16)

(2 .1 ,7)

(2 .2n

( 2 . 211

(2 2 ' !  '

1 h u s 6 1  h a s a m е г o т n o r p h i с e х t е n s i o n t o C l v i t h p o l е s i n s = s r ( ) )  ( l = 0 , | , 2 , . . . )  a n d s =  - | , - 2 , - 3 , . . . .

Thе res iduеs in s1())  aге еqual  to

22 \ l 2 t - 2p* \  nn (1-) - / )7
( 2  18 )

Г(" ) (p_zх  _2 /+  1 ) . / ! '

i f  s1())  + -L,_2,_3, . . . .  An easy oЬsегvat ion shows that thеse геs iduеs arе stг iс t ly  pos i t ivе for  } > 0

foг all values of / suсh that sl ) 0'
Considег the геlation (2.11) again. Thе ехpliсit еxprеssion for сд sholvs that Гoг arry fixеd р f 0 in

LR, ) * oд(дr) dеpеnds analytiсaliy on A foг A in somе stгip around thе positive reаl aхis. So doеs thе

г ight-hand s idе of  (2.1|) .  Thus th is  ге lat ion aсtual ly  holds foг a l ] l  рt '  0 in R and )  > 0.
Let  Ф-,  bе thе Ь i-I i . invar iant Гunсt ion on G dеf inеd Ьy Ф-"(o1) := Ф( l ,  _s) Гoг l  > 0.  . i .hе dеf i r r i t ior l

of Dд сan t}ren Ье гeformulatеd as 
Г

Ьд(s )  =  
J*Фх@)  

Ф* , ( r )d : r  (2  19)

Гor s €  I , i .  Еormula (1.30) togеthеr with (1.41),  (1.42) sholvs that thе intеgra l  ех ist ,s  Гor t l rosе s '  Lеt  t rs

dеfine thе diffегential opегatoг Ar on X = G/K Ьу

Aд := с r  (A  + dr )

l v i th  сд  *_ _| / (4^,) ,  d^ = _4)(A _  p)  and A the  Lap laсe-Bе l t гami  opeгator  oГ .Т

A diгeсt сomputation using the ехpl iс it foгrn for фд yiеlds

A , lфr  =  фr+ l

Гoг all A > 0. Гix ) > 0. onе has

+ + ( r ' -  p2 )0^( s )

Гt,г  ; r l l  s  €  C suс l r  t ' ] raL

= Й( ' )

Rе (s) >

r
/  д ф ^ ( , ) Ф _ , ( r ) d r

J A

r
/  ф ^ ( * ) д о - ' ( r ) d r  =  C о ( s )

J х

-  2) rv i th
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This l imit сan easi ly be сomputed Гoг Re(s) > 0 (сf.  [9], Ch. IV, sесt ion V, $2, p. 415-416) and is еqual
to

Й(s)  = _ ,#.sс(s) '  ( ,2 .24)r (n,,,

For ) > 0 and s € Иr П {Re(s) > 0i we oЬtain

6r+r  ( , )  = [  ь^ф^(а)  Ф - , (x)  dx
J х

= с1{C6(s )  +  ( ' ,  _  (p  _  2^) , )  D , l ( " ) i  Q .25 )

Bесausе Cg(s) is  analyt iс  foг Re(")  > -1,  th is  rе lat ion сan Ье usеd to eхtеnd 6д to Rе(s) > _1 Ьy
i tегat ion.  S inсе с(s)  and Ьд16(s) геmain Ьoundеd as |s|  * oо in thе stг ip 0 < Re(s) (  p foг suf f iс iеnt lу
laгge A €  N, it is norv easily sеen that 6д(s) rеmains Ьoundеd too whеn l,l *"* in that stгip. \\Iе thus
havе:

Pгopos i t i on2 . | .  Lе l  \ )  0 .  Thе  funс | i onb7(s ) ,  dе f i ned  fo r  s  СV2 , ,  has  а  mеromorph i с  е r t ens i on
t o С  ш i t h  p o l e s  i n  ' . ( ) )  -  p _ 2 ^ _ 2 l  ( l  =  0 , 1 ' 2 , . . . )  а n d  - | ' - 2 , _ 3 , . . . ,  g i u е n  b у  P  1 6 ) .  T h е  r e s i d ш e s
in s1())  are еqшаl  to

22 ) , I2 t -2p* In"  (1  *  )  _ / ) i

ГТГ- 6:,^:тГ+тIt|'
p r o u i d е d , r ( ) ) l - | , _ 2 , - 3 , . . . .  М o r e o u е r , b ^ r е m a i n s b o u n d , е d с s ] s |  - в i n t h ' е s t r i p 0 < R е ( s ) < p .

Fiх ) > 0. Lеt f сD(Gllk) and сonsidеr the funсtion

f(s)01(s)
9 ) : , 9 - . 0  . ( r )  

.

Thе funсt io l l  gA is  rneтomoгphiс foг Rе( ' )  > 0 lv i th s implе polсs in s;  = s1 ()) ,  /  suсh that s1 )  0.
Lеt 1p Ье thе сontour deteгminеd Ьy thе гeсtanglе given Ьy thе points *iЕ and p * iR' Sinсе f is oГ
Paley-Wienег tуpе and 6д геmains Ьoundеd as Is| * oо in thе strip 0 < Rе (s) ( p, intеgrating 91 ovег

7в and lеtting Л tеnd to infinity yiеlds

(фх ,  f )  =  2n  I  r l ( } ) (p " , ,  / )  *  со
l , s ;  ;  o - *щ# (vt,'flaр (2 26)

( 3  1 )

з57

foг ) > 0. I{еге п'е usеd геlation (2.9) with o - p and

r1(.\) :_ -+ Rеs,=,, bд(s).  (2.2т)
с6 с(s1 J

Thus wе f ina l lу  oЬta in,  Ьy us ing (2.11) '

(Фх, f)  = zo I r l ())(я,,  ,  f)  * co 
/o- 

o^,o,,  (p;, ,  f)  
#I , s 1 ) 0

(2 28)

Гor a l l  )  )  0.  So,  in part iсu laг,  rvе p iсk up сomplеmеntary seг iеs геpгеsеntat ions in s  = s1()) .

T}reoгеrn 2.2.  Le{ )  )  0.  I f  ^ > pl2,  тх dесoтnposеs in lo a d i rec l  in legrа l  of  pr inc lpа l  seт iеs
rеpresеnlаt ions '  I f  0 < )  < p l2 Ihе.  spес l rum' of  тs hаs а d isсretе pаr|  cons ist ing of  f int te lу mаnу
сomplеmentarу sеr iеs rеprеsеnlаI ions.  Thе сoпt inuous par l  cons is ls  of  pr inc ipa l  sеr iеs rеprеsеnla l ions.

3.  ASYN4PTOTIC вЕ}IAVIOUR oF'  TtIЕ CANONICAL RЕPRЕSЕI\TATIONS

In th is  sесt ion rvе сons idег thе asyрp1gt iс  Ьеhaviour of  тд (o.  фr) as )  tеnds to inf in i ty .  Thегеforе
we apply an a l tеrnat ivе mеaning of  Фr.  Wе reГer to [10].

Cons idег on {r  €  C"*1 :  [ , , , ]  > 0} thе Riemannian mеtr iс

,  1  l dx ,dx l
a 1| т  т |
l . *  )  * l



Bестник TГУ' т.2, выл.4, |99,7

This metг iс  is lnuaг iunt undег r  - , \ r  ()  с  C '  )  l0)  and thus g ives a R, iеmarrn ian metг iс  on.Т whiсh is
invaгiant undег G' Coггesponding to this mеtгiс wе have a G-invaгiant sесond oгdег diffегеntial opeгatoг,
t h е L a p l a с i a n A , w h i с h w е a l r е a d y m e t i n s е с t i o n 2 . L e L  т Ь e t h e m a p d е f i n e d i n ( 1 . 2 ) .  I f  / i s a f u n с t i o n
oГс lass C2 on.t ,  wе set  |  = f  oт,  so t}tat  / is  def in"d on thе opеn sеt

{J  с  C"+1 :  [ r ,  r ]  > 0)

and satisfies /1,t,; = i(,) (r с C, ) l 0). We have

Г1 = 1","1t| (3 2)

wherе t is thе psеudo_Laplaсian assoсiatеd with thе psеudo-Еuсlidеan mеtriс ds2 = _|d,x'dr] on C"+t
Considег a lso on t}re sеt  {I  с  сn+l :  |x,x l> 0} thе funсt iоn Q def inеd by

(3  3 )

ф sat is f iеs б(t ' )  __ О@) (t  сС,t  + 0) and therеfoге Q = Q oт foг some funсt ion Q on.Y.  Q has thе
following pгopeгties:

о Q is invaгiant undег 1{,
о Q is геal analytiс,
o  Q@)2 r ,
о Q has a non-degenеrate сг it iсal  point x0: еI{, thе Hessian of Q at r0 has s ignatuгe (2п,0),
. Q@) : t (t > 1) is a /i-oгЬit on .Z'

Lеt Л Ье a сomplex-valued funсtion on R of сlass C2. Thеn

A ( l ' o  Q )  =  ( L F )  o  Q ( 3  1 )

lvheге .L is thс ordinarv diffеrential opегatoт

r=а(D*+ь(t\ !'  ' d t z  
d t

l v i r h  a ( l )  =  4 t ( t  _  1 ) ,  ь ( l )  =4| (n  +  1 ) l  -  1 ] .  Th i s  f o l l o r v s  еas i l y  f r om (3 .2 ) .
Rесаll tlrat D(.11) is thе spaсe of сornplех-vаluеd С*-funсtions on .t'rvitlr сoпt1litсt suрlport. l.. iх arr

invaг iant mеasuге dr on Х,  сorrеsponding to thе Riemannian mеtr iс .  IГ l  i s  not a сг i t iсa l  va lue oГQ (so
I '+ I) ,  wе сan dеf ine the avегagе h[1(t)  ot  a funсt ion f  стцх1ovеr thс suгГaсе {Q(") = l}  Ьу mеans оf
thе foгmula r r*

/  r ' (0( , ))  f ( r)h - -  
|  F(t)xt t( t )dt  (3 5)

J , Y  J I

for anу сontirruous funсtion Л on ]R.
Thе funсt ion ,L, !  has a s ingr l laг i ty at  thе сr i t iсa l  va luе t  = 1 oГ Q. Nloге pгсс isе lу

I v I r U )  =  Y ( l  -  1 ) ( f  -  1 ) ' - 1 e ( i )  ( 3  6 )

l т i t h g € ? ) ( R . ) .  I I e г е У i s t h е H е a v i s i d е f u n с t i o n :  У ( l )  = 1 f o г t ) 0 , y ( ' )  = 0 f o т l ( 0 . N , I o r e o v е г

" f ! o )=p(1 )
rvhеrе с = т- fГ(n). Sinсe Q is a /{_invariant funсtion' !vе сan assoсiatе rvit}r Q a G-invariant kегnеl 1iq
oп ,t, х ,1, rvith

I { q ( r 1 ,  r z )  = f t  t ,  " r l  [ t r ,  t t ]
( r . r  /

[ r r ,  , t ]  [ r z ,  x z )

( ' ' , " , , €  { r  €  С " *1  :  [ r , с ]  >  0 } ) .
onе еirs i11'vегif iеs that this kсгttс l  сoггеsponds on B(C")x B(C'.)to t lre kегrrеl

[ 1  _  ( y ,  z ) ] | \  -  ( z ' у ) ]

l ^ ,  t 2

ф1,; = ЦзL
L r ' r l

358
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i Г11  t  a ,12  -  , - {у , ,  €  B ( с " ) ) .  Thегс fo re ,  Фх(g )  =  Q(s )_^ fo г  a l l  g  €  G .  Th i s  i n tе гpгс ta t i on  o г  р^

wili Ьс of grеat hеlp in flnding the asymptotiс Ьеhaviouг of фд as ) * m.

Cоnsidеr thе distгiЬution Г
f  -  lQ ( , ) -^ f ( x )d r

U стцх11 By (3.6) wе gеt

Г
I  Q(* ) -^  f ( x )d r  =

J х

oЬsегvе that this eхprсssiotr is an entiге analytiс

l,-
Гunс

Г^ f t  _  \ " -1  ,p( t )  d t .

t i o n  o f  ) .  F o г  &  =  0 , 1 , 2 , . . .  o nе  h a s

Г ( ) _n - * ) Г ( n+ , L )
Г( ) )

for ехamplе foг Rе,\ > n * .t. Wгitе

p( t )  =Р(1 )+ ( t  _  1 )9 , (1 )+ \Ц1 , r r l2

with tф(t)|  (  maх" 1,(2)(s)| '  and сons ideт thе d istг ibut ion Ц g iven Ьy

/"ф
I  t -^  ( /  -  1 ; " t " - '  r ,  -

J t

Г ( ) )
Г ( )  -  n ) Г ( n ) с

Q@)_^ = 7#Ь Q@)-^,

for ) - oс. We get

" ( , ] ,х ,  f )  = я(1)+ }я , ( r )  + 

" tя , t r )  

+ }я , , ( r ) )n(n  *  1)  + o(*)

a s A - * o о .
LeL L|dеnotе thе tтanspose of  l  wi th теspeсt to d l .  \Ve havе Мд. J  = L,k МI

сo l l l р l l 1  ; r t  i оn  1 . i е l J s

L , | ( t  -  i ) ' ' _ '  я ( l ) ]  =  ( 1  -  t ) " - i  { [ ( , l l l  +  4 ) t  -  Ц р , ( t )  +  4 t ( t  -  1 )  я , , ( t ) }

anr l  f rom th is  еquat ion onе сan dеr ivе that

сA / ( r0 )  =  4 r r  р , (1 ) ,

l , , f ( , o )  =  l 6  n ( n  +  1 )  [ я , , ( 1 )  +  p , ( i ) ] .

It is an еasy ехеrсisе to arrivе at

. , , ( i )  = l  д/ t*o)
4rt

p " ( t )  = , r , t , , , { a ' / ( r o )  - 4 ( n *  1 ) a / ( 2 0 ) } .
i 0 n l n  f  l ,

Subs t i t u t i ng  (3 . l 0 )  and  (3 .11 )  i n to  (3 .9 )  y i е l d s :

(I '^ f) = r '(rn) + f i111, 
o1

-#{A,J.( ,o)* 4(n * 1)^/(ro)} + o( i)  ()  -  оо)

(3  e)

foг a l1 A с N. А

( 3  10 )

( 3 . 1  r  )

( з  l 2 )

So ?.r * 6 zrs А ---- о.э. In tеrms of Bегсzin qirantization (сГ' [1], rvhс'г.:  ̂  -- | lh rvith A dtlnoting PlaIrсk.s

сonstar r t )  i t  п rе i r t t s  in  p i r г t i сu laг  t} rа|  t l t с  cor rеspondсnсe pг inс ip lе  i s  t ru t : .

I t  i s  с lear  t l ra t  th tтс  i s  no  oЬst r r tс t ion  in  dеtетrn in ing  h ighеr  oгdег  tсг t r r s  o f  t l i с  as} 'п lp to t i с  eх1 ians to t r ,

duе to  ouг  method.

359
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4 .  TЕNsoR  PRoDUстs  oF 'нoLoМoRP} I I с  AND ANTI -нOLOMORPI{ IC  DIs -
сRЕTЕ SЕRIЕS

4.1.  The spaсe L2(G /  I i , l )

Denote by хr (/ с v,) Lhe сhaгaсteг of 1{ givеn Ьy

(; 3) *"' ( 4 1 \

whеге |с |  _  | ,  d  €  U(n) ,  adetd  -  1 .  Lе t  p1  = Ind616}1 and И1 the  spaсе o f  p1 .  So  f  сVt i t

(1) f : G * C is mеasuraЬle,

(i i) /(et) = x,(,t-')f(s),
( i i )  | l / l l ,  = Iс1к|f k)|арG) { oo, wheге g = gI{,

I1ere dрh) is the invaгiаnt measure on GlIi - B(C"), seе (1.13). Instead of I{ onе also usеs thе
notat ion Lz(GlK,/) .  We shal l  ident i fy  I{ with a spaсe of  funсt ions on thе uni t  Ьa l l  B :  B(С" )  in C".
Rесal l  that  G aсts on B,  Ьy (1.7) '  1{ = Stab(o) and g l i  сGlI{ сoггesponds to g.o.  Now dеf inе

Аf (g) = аI f (s) (4 2)

Xr

/  n  ь \

f o г / €  L 2 (G l I i , / ) ' 9=  
t ;  ) / .  

т t r е n  А f ( g k )=А f ( s )  f o г a l l  f r € 1 { .  S o , 4 / i s d е f l n еdonBandonе

hаs

l l /П' |АIk ) | ,  (1  -  l l . l | , ) .dуQ) ,

with dрQ) as in (1.13).  Lеt  } l l  dеnotе thе Hi lЬeгt  spaсе oГal l mеasuгablе funсtions .p og ]З suсh that

|p( ' ) | '  ( t  _  l i , l l , ) .dрQ)  < х . (4  3)

,Jlt is a G.spaсе; G aсts unitari ly in }/1 by т1 , givеn by

" . (фp? )  
=  P (g - I  .  . )  ( (b ,  z )  +  а ) - l

- l- I
J В

t
J B

, t  s_ '  = ("  1) ,  i s  a uni tаry inteгtwin ing opегator Ьеtwееn pI a\d тt .
"  

\ с  d /
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4.2. TЬe holomoгphiс disсrеtе seriеs1 Foсk spaсes

For ) €  ]R сonsidеr thе Гoсk spaсе -Fд of holomorphiс funсtions on B satisfying

l l/ l l i  .= | vor (t _ l l , l|,)^ dp(z) < в'
J B

This spaсе is non.tгivral for ) > p (p _ n), sinсе Лr сontains thе funсtion whiсh is idеntiсally

сasе .  one  has  
I |1 l l ?  -  тn

= ' ( й т - ( Й

l loгeovеr,  "Fr  is  a сIosеd suЬsp acе of  L2(B 'cдr1),  hеnсе a Hi lbеrt  spaсе,  w}tеге dр^G) = (|_ i Iz|| ,)"  dд(:)

l t  a lso has a геpгoduсing k.гnеl .  nаtr t . l1 .

2 (^ - I )  ( ) - n ) , '
Г .  / '  l r . \  _ .  - \ . .  . /  \  /  

i l  -  ( u ' .  z ) ] _ o
L l t ; r  @ t  -'  т , '

It is also a unitaгy module foг the aсtion of thе univетsal сovегing g.oup ё of G; foг

is еvеn a G-modulе: a holomoгphiс disсгеtе sегiеs геpгеsеntation of sсalaг typе. Thе

| , n  Ь \

o-1 = { 
- -' 

l. Let us dеnote Ьу 7.l thе spaсе of сomplех сonjugatеs of elеmеnts in T7.
"  \ c  a /

anti-holomoтphiс funсtions and gil.еs тisе to an оlэvious unitaтy aсtion 7r of G as well. So

' l  . - - L с  - - \ .

т , l ( s ) / ( - - )  -  r /, t ( 6 ' . ) + с , . '  ,

(4 4)

I in this

(4  5)

(4  6)

integeг ) () > p) it
gгoup G aсts Ьy

(4 7)

It сonsists of

(4  8)

, r , , _ 1  =  ( o  1 ) , r  С T х ' А С Z . F o r ) с N ( ) > p )  * . g е t p a r t o f  t h е a n t i . h o l o m o r p } r i с t ] i s с r е t е s e г t е s .
"  \ с  а /

4.3.  Tеnsoг pгodrrсts

Cons iс lег thе Hi lbе: i  spaсе tсnsor ргос iuсt  fх6,Tх,rv i th )  )  p.  . rhе g.o 'p G aсts d iagс.r .a l lу .  l t

trrrns out that rvе aсtually huu" u G-aсtion, whiсh for intеgеr ) is givеn by

so . ( I ( , )о  0 (u ) )  =  f  ( r t a ,  . )3  o1 ] i '  t о ) (o  *  (b '  . ) ) -^  GТт3 '_^ (n .u )

- 1  | а  b \
t t g o . =  

\ с  d )

Lеt  Аr  dеnotе  thе  b i l inеaг  пrap '  dе f inеd oп tсnsors  in .F r ,6z7д Ьy

/ ( . )EТ( , )  *  f ? ) t rQ) ( r_ l l , l l , )^  (4 .10)

Thеn, геstriсting ,4д to рolynomial funсtions, Аr is dеnsеly dеfinеd with image iл ?|o. Еuгtheгпtoге,

aссoгdiIrg tо J .  Rеpka ([ l4] ,  Pгopos i t ion 4. i ) :

о А1 lras trivial kегnеl and dеnsе ilnagc,-

о ,4д intеrt lv ines thе G_aсt ions on T>,фzf х and тg,

еquivalеlrсе Ьеtrvееn

l v i t h  | | , 4д | | ,  {  I l , х ,
rl ' suсh that

о ,41 is сlosеd.

Lеt Ад = |АsА-^|112 t/r  Ье t l rе polaг dесornpos i t ion of  ,4д.  Thс l  t / r  is  a uпrtarу

tlrе G.spaсе ' Tх6zT х and }lo - L, (G l Ii).

Aсtually ,41 сan Ьe eхtеndес] to a Ьoundеd opеratог f,o^ Fх6zTr into }lo

*ь"* .^ = i rJ . r r i  Indе.d,  funсt ions F(z ' l . ) .ho lomoгphiс in z ,  ant i -holoпroгphiс in

! "  | " 'ou ,ш)|2  
d1t7(z)dр l^( l l )  < a '

361
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aгe geneгal elemеnts in thе Hilbегt spaсе Fх6,Fх' Clеaгly for suсh funсtions Л,

( 4 . 1 i )

Е ,  i s

( 1  1 2 )

( 1  13 )

F(z , t )  = 
|uu^, . , t )  

F (z ,u l )  dр7(ш) ,

Е7(ш,z )  F ( z 'ш)dрх(* )  (1_  l l , l l , )^

|F ( z ,u , ) |2  dрх@)  ( t  _  I l , | | , ) ,^

д^r{4 = !u

|А1F(z)|2 s !u|в^{', ,)rdр^@) !B

therefoге'

Hеnсе

So

4.4. Тh.e adjoirrt of .41. The Berezin kеrnel

Let F(z,ш) be holomoгphiс in z, anti-holomoгphiс in ш, and bеlonging to Tх6zTх, or L2(B х
B,dрхфdpr). Let h Ьelong to L2(B,df i .  We shal l  dеtеrminе an ехpl iс i t  expгession for,4! A. It is с lear
t ha t , 4 i A i s i n  f х 6 zTх , s o , 4 i h ( z , u )  i s l r o l omoгph i с i n z andan t i - ho l omoгph i с i n t l .  oneha s

l l ,a^Лll ,  = 
!uА^o{,)|, dрQ)s } ttгtt3

(А \  h '  F )  =  (h ,  А1F )
r  r  

. | |2 )^  d 'р{ш)dр( , ) .= 
J  u  J  uh ( z )  

Е1 ( z '  ш)  F ( z ,ш)  (1  _  | | z

So ,4i h is thе pгojесtion of thе funсtion

( z , u )  -  h ( z )  Е 7 ( z , ш )

onto Ts$2Tд. Thе aЬovе funсt ion is  in L2(в x B,dpу в dд. l ) .  The oгthogonal  pгojесt ion.  сa l l  i t

givеn by 
r r

Е Г ( z , . )  =  l  |  Е ^ ( * , , ш )  Е s ( z , z , )  F ( z , , ш , ) d p 1 ( z , ) d / t ^ ( i ' , )
J B  J B

}Iеnсe
. I

А! / r ( : '  u )  =  l  Е7 ( z ,  z , )  Е l ( ' ,  ,ш)  h ( / )  dрх ( . , ) .
J R

Dеf i nе  f o г , \  >  p  and  f  , 9  С , t7o= Lz (B ,d t ' ' ) .

U,s )^= (А1А\ f ' l ) .

This Гoгrn is сlеarly (stтiсtly) positivе-dеfinitе. \.Ioге ехpliсitly:

А;  A\ f  ( z )  =

l  r^G,  z ,1  Е1(z ,  , , )  f  ( / )  dр^Р,)  ( r  _  l l , l l , )^
J в

So ,4д Аi is a keгnel operator with kеrnel

(4  14)

This is again the l]егеzin kегnеl (up to afaсtor); it is G-invaгiant, positi l.e-dеflnite, and dеfinеs a Ьoundеd

[Iегтnitian foгm on L2Glri) for ) > p. Notiсе thаt thе Bегеzin kегrrеl is givеn Ь1'

Е7(z ,  z , )  Е2 , (z ,  ,  z ) ( 4  15 )
Е  { z ,  z )  Е  1 ( z ,  ,  z ' )

з62
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o .

SL (n  *  l ,  C )

5.1. Dеflrrit iorr of tlrе геprеserrtаtiоns

Lеt G = SU( l ,n) and G" = SL(n + 1,C) ,  a сomplех i f iсat ion.  Dеnotе Ьy 1 i .  thе suЬgroup

1{.  = 516;11,  C) х GL(n 'C))

of G. and set  L '  = SU(n + 1),  1{ _ s(Lr( l )  x U(n)) .  Lеt  P* Ье thе t lvo (standaгd) maхimal  parabol iс
suЬgгoups oГ G" сonsisting of uppeг аnd loweг Ьloсk matгiсеs rеspесtivеly:

МAхIMAL DЕGЕNЕRATЕ RЕPRЕSЕNTAтIONS oF

"*,(A i), ,- ,(;:)

p().s)  = e(s)

fс l r  а l1 )  с  С rv i th l )|  = 1.
У сan Ье sссn as tirе геpгеsrэntatiоп spaсе oГ Ьсэtlr ;г} аrr.l т, ' Irr fасt т.-]- - o; o;. rr' ltt:ге

Сaг tan  i n l ' o l u t i o r r  o f  G , :  т (g )  =  (g "  )_ ' .
Тhe grouр G. aсts on S; dеnotе Ь} 9 '  (g сG",  s  €  S)  thе aсt ion of  g on s:

(

( 5  1 )

(5  4)

г is t l rс

( 5  5 )

( 5  6 )

( 5  i )

(5  E)

aсt ion of

(5  e)

з6з

/  n  n \
rv i th  o  с  с" ,  (  ;  :  )  €  1{ . ,  6  a  ro lv  (сo luп in)  veс toг

\ u  c l\ /
L , ,  + L ^  f ^ * * , , 1 ^ .
U J  U r r с  l U l  l l l u l @ .

in C". Foг рl €  C, dеfinе thе сhtrгaсtеr ., ', oГ P*

u r (p)  = la lP  ,

whеге p с P* has onе of thе forms (5.1). Consideг thе гepгesentations тf of G, induсеd Гrom Pt

т i  :  |oduтр. (5  2)

Lеt us dеsсriЬе thсsе rеpгеsеntations in thе ..сompaсt piсturе''. one has thе follolving dесompositions:

G=( JP+_L I P - , (5  3 )

rvh iсh ц 'е сa l l  I rv l rsarvа tvpе t lес:omрosi t ions.  Гoг t 'he соггеsрonding dесoпrpos i t ions g = lLp oГ атt  е lсmсt l t

9 С G",  thе faсtoгs p and u arе def inеd up to an е lеt l rеrr t ,  of  t}rс suЬgroup L,  ПP+ = L,ОP- -  f l ' f l1{.  = 1 i '
.ГЬ^ .^.^r r:  / rэ l  саn bе idеnt i f iсd rv i th thе сosеt sDaсе t//1{.  Sеtl  l l U  l U D ( , l  Э l / ( t '  (  J  U с /  J  L d l l  U г  l u г l l L l l l ( u

S={ , сC "+ l : | | z | | 2=1} ,

rv l r i сh  с lеаг l1 ' сa l r  Ьс :  idеnt i f l еd  w i th  SU(n+ t ) /sU(n)  v ia  u  *  uеg (u  с  SU(n + 1)) .
Lеt  r r s  dс t to tс  Ь . r .  У  thе  vсс tor  s1 laсе  oГ  С- - funсt ions  g  on S  sa t i sГу ing

\\,е havе foг 9 € У

s(r)s s = 
176ll

т/ (v)я(s)  = Р(g- |  " ) | Is - . ( , ) l l ,
In a similaг rvaу lvс havе:

т [  (ФvG)  =  p (т ( ! ]_1 ;  . , ;  11 ,19_  
1  
; , 11 , , .

Lс t  (  |  )dеno tе  t l r е  s t aпd i r гd  i nnе r  p roduс t  o r r  i 2 (S ) '

(p| , i ' , )  = [  e@1щ;а, .
J J

}Iеrе ds is tlrе noгrnalizеd U-invariant mеasure on S. Тhis mеasuте d.s is tгansfoгmеd Ь1' tlrс
g с G, as follorvs:

d ; =  l l 9 ( s ) l l - z ( " * 1 ) d s ,  3 :  9 . s .
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It implies that thе Hегmitian foгm (5.8) is invaгiant with гespесt to thе paiгs

(n} ,  o _v_,1,4) and (т!  ,  т!v-z1"+t).

. I .hегefoгe,  i f  Rедl  -  _("+1),  then thе геprеsеntat ions of ,  u."  uni tar izaЬ]е,  thе innег pгoduсt Ьeing (5.8).

5.2. Irrtеrtwining opeгatoгs and iггeduсiЬil ity

It is an intегesting pгoЬlеm tо dеteгminе thе сomplех numЬетs д suсh that т} is iггеduсiЬlе' and in
сasс it is геduсiblе, to obtain thе сomposition seгiеs. We wili not pегsue this proЬlem heге. Wе геfег to

[6] whсrе a similаг пiеthod is usеd. It tuгns out that т} is at lеast irгеduсiЬlе if д f Z. Let us turn to
iпtertwir i ing opеratoгs.

Dеfinr: t}rt: oреratoг Аu ol У by thе foгmula

Аup{ , )  =  [  |G , , ) | - / , - 2 ( ,+ i )  9Q)  r ] t .
I . ' '  ' ,

J J

This intеgral сonveгges absolutеly for Rе р <' _2n _ 1 and сan Ьe analytiсally extеndеd to thе whc]е

д.plane as a mегеomoгphiс funсtion. It is еasily сheсkеd that Аu is an intегtwining opегator

lu" f(Ф = 
"f , , (э)  Аp,  g С G",  (5.11)

w i th  p ,_  _р -2{n+| ) '
Thе opегator А-u-z1n+t1 o,4,  inteгtrv inеs т, t  wi th i tsе l f  and is  thегеforе a sсa la l  с(д),  indеpеndеnt

oГ thе *_s ign.  In geneгai  с(д) wi l l  bе a mегoпtorphiс funсt ion of  д.  I t  саn bе сomputеd us ing 1{.types,
sее e-g.  [6] '  $1.  I t  tuгrts  out that

It  tuгns otr t ,  in addi t ion,  that only

5.3.  Rеstг iсt iorr  tо ( l

Сons idег  thе  d i agona l  mа t г i х

с (Й=c ( _р_2 (n+1 ) ) .

thе т* lv ith R,с р,= _(n * 1) arс unitaтizablе (sее again [6] 's1)

" r  =  d i a g  { l ,  - 1 , . . . ,  _ l } .  T h е n

G  =  { g  С G "  :  g *  =  J g - | J \ . ( 5  12 )

G). СorrsеqLrеntly. т} rsSo thе Caгtarr  involut ion т of  G,  геstг iс tеd |o G is  g ivеn bу.тQ) = J!]J  (s  с
eс1rr iva l t l l r l  to т;  on G: thе eqtt iva lеnсе is  g ivсn Ь}.  ? _ Е9 rv i t i r

Ечэ$) = p(J s) ( 5 . 1 З )

for g С v".
Norv сons i t lеr  thе aсt ion oГ G on S g ivеn

[s,  s]  > 0,  [s .

А l l  thrее oгЬi ts  aге invar iant undег s _ )  
"

G.oгЬi ts  on S/ -  lvhеге s -  s ,  i f  and onlv i f  s' "  " "  " l

О 1 - G l I i

(5  10)

Ьy. (5.5).  Тhсrе arс l ]  oгЬi ts ,  g ivеn Ь1'

.s l  = 0 and [s,  s]  < 0.  (5.14)

r v i t h  A  €  С ,  | ) l  =  1  С ' . а l l  o r .О ,2 .О3  t l i с  сo г г . l spo t rd i t l g
= )s,  fоr  soпlе )  с  C,  l ) i  = 1.  Thеn rvе havе:

v i a 9 - 9 ' e o '

О z - G l f u I А | i  v i a  g + g . ( . о + . " ) '

О З -  G l s ( u ( \ , n _ 1 )  x  L т ( 1 ) )  v i a  9  _  9 . e n .

lЪг t l rс  suЬgгouр j|IА|{ (a miu imаl  parahol iс  sr tЬgгorrp of  ( i )  scс sссt iorr  1.2 '
Lеt  g Ьe a C-- funсt ion rv i th сoпipaсt  support  o l r  [s ,  s]  f  0,  sat isГy ing (5.4).  Sсt

v \ s )  =  я ( " )  l [ . - ,  s ] | - \ l zu .

Thеn ф sat i f iеs thс s i r rnс сondi t ion (5.4) '  N{oгеor.еr ,

ф(s-'' u |iУ,,',,.3 lt' ]Р r;,T],',' -',,,

( a . 1 o )

( 5  1 6 )

( 5  1 i )

з64
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So thе lineaг map tр - ф intегtwinсs thе rеstriсtion of т, to G with thе lеft гegulaг геpгеsеntation oГ G
on D(Gl I i) andD(Gl H) геspeсt ivеly wheге ff = S(U(1, n _ 1) x U(1)).

A G-invaгiant measuгe on 01 U 03 is given by

r l t r (  
" \  

-  d s

l [ s '  s ] 1 " + t '

So, if lve pгovide 2(.S) lvith thе innег produсt on [s, s] l 0 given Ьy

f
(p ' ,  p ,)  = 

J , ,еJ{.p,14 11 ' '  s]|-Rer-(n+t)7, ,

tlrеn т, Ьeсomes unitarу, if rr'е rеstгiсt it to G. Еrom norv on rvе shall onlу сonsidеr thе геstriсtion
to G and сall it Л,' Clеaгly r?, is еquivalеnt to Лд,. Thе iпtегtrvinig opeгatoг bесomеs

| [s, t] | 
- и- zt" +' P(t)dt.А ,p ( ' ) _t- I

J S

(5  1e )

(5  20)

o I  т ' ,

(5.2r)

obsегve Lhat А, is defined on [s,s] ) 0 for all д, pгovided g has сompaсt suppoтt' in this open sеt. Thеn
Аug is  a C-- funсt ion on th is  sеt  (non-neсessaг i ly  wi th сompaсt support) .  on [s ,s]  < 0 onе st i ]]  has to
dеal rvith analytiс сontinuation in д. sinсe сonveгgеnсе oГ thе intеgгal is not garantuееd for all дr.

Еoг сp1 , Рz СУ and д €  1R', сonsidеr the lIeтmitian foгm

,  
I  I , , l ] |_p -2 (n+ i ) r r ( s )  я :odsd r .\р ' ' .4up,)  = 

J ,  L , , '  , ,

This foгm is сlеaгly invariаnt with rеspесt to R,' Aрplying thе lineaг tгansformation (5
sсt  [s ,  s]  f  0.  rvе gеt t}rе |o l lоп ' ing:

(,,., .) = l, l , l '  r(") Й2(l) | i}#j|++(' '+1, 
o,1,1o,1,,.

Norv restr iс t  to [s .  s]  )  0.  Thсn

B,(s .  t )  = {  l '  ' ] ! '  ' ]} '
" / - l [s ,1][ r ,s ]J

i s  thе Bеrеz in kernel  on D(G l  I i ) ,  sее (3.7).

NOTI 'S

(5.22)

18) on thе open

( 5 . 23  )

о Canоniсa l  rсpгеsеntat iotrs  ] tar .е Ьсеr.r  i r r tгос luсеd foг с1ass iсa l  Hсгmit ian s1 'ntпrсtг iс  sPaсеS b.v Brгсz i r r
and lateг,  in a d i f feтеnt сontехt ,  Ьу \ ' 'егshtk.  Gеl . fand and Gгaev foг SL(2,R) (sее [1] '  [16]) .

о A morе сonсеptual tгeatmrnt foг Hеrmitian sуmmеtгiс spaсеs iIr thе сontехt of Joгdan algеЬгas
has rесеnt ly Ьееn g ivеrr  Ь1 '  L ,pmсiег and UпtсгЬегgег [15] .

о An eхtеns ion to l rуpeгЬol iс  spaссs,  а lso Гоr smal l  va luеs of  thе paгameters '  and foг l inе Ьundlеs
ovеr thеsе sрасеs '  is  duе to l ] i l l с  and van Di jk [3] '  [4] '  [12] .

. Сanoniсal геpгеsentations foг paгa_Hегmitian spaсеs wеге pгoposеd and intгoduсеd Ьу Nlolсlr;rnov

[1 3]
о A t l roгough tгеatпrеnt of  t l rе гank onе paгa.I lегmit ian spaсс SL(n, iR)/GL(n -  l , ]R l)  is  dttс tо l ' z r r r

Dijk arrd N'Iolсlranov [5]' [6]
.J . l rс  gеtrеrа l izаt iоI . r  to рaгa_IIсrп l i t iarr  s1 laсеs fо l lo lvs thс sсtrеrnс of  sесt ion 5. ,  rv}r iс}r  rvаs 1 lго1losсd

Ьy N{olсhanov.
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